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Abstract. We prove new necessary and sufficient conditions for a morphism of coal- 
gebras to be a monomorphism, different from the ones already available in the lit- 
erature. More precisely, ip : C — > D is a monomorphism of coalgebras if and only 
if the first cohomology groups of the coalgebras C and D coincide if and only if 
£ ( al )b t = X^g/ al£ (fr ! )j f° r au fl! ® b l £ CDoC. In particular, necessary 

and sufficient conditions for a Hopf algebra map to be a monomorphism are given. 



Introduction 

In any concrete category C the natural problem of whether epimorphisms are surjective 
maps arise, as well as the dual problem of whether the monomorphisms are injective 
maps. This type of problems have already been studied before in several well known 
categories: for example in [U] it is shown that the property of epimorphisms of be- 
ing surjective holds in the categories of von Neumann algebras, C*-algebras, groups, 
finite groups, Lie algebras, compact groups, while it fails to be true in the categories 
of finite dimensional Lie algebras, semisimple finite dimensional Lie algebras, locally 
compact groups and unitary rings (see [7], [313]). The more recent paper [I] deals with 
the same problems in the context of Hopf algebras: several examples of non- injective 
monomorphisms and non-surjective epimorphisms are given. It turns out that the above 
problem is also intimately related to Kaplansky's first conjecture in the way that every 
non-surjective epimorphism of Hopf algebras provides a counterexample to Kaplansky's 
problem. 

In [8J the problems mentioned above are studied in the category of coalgebras. The 
problem of whether epimorphisms of coalgebras are surjective maps is easily dealt with 
using the existence of a cofree coalgebra on every vector space: hence it is enough 
to give a positive answer to this problem. The dual problem, on the other hand, is 
more interesting: an example of a non-injective monomorphism is given and several 
characterizations of monomorphisms are proved ([8j Theorem 3.5]). In this note we 
complete the above characterization with two new equivalences. Our interest in this 
problem comes also from the fact that in the light of [U Proposition 2.5] which states 
that a morphism of Hopf algebras is a monomorphism if and only if it is a monomorphism 
viewed as a morphism of coalgebras it turns out that the same characterization holds for 
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Hopf algebra monomorphisms. 

A detailed discussion regarding the theory of coalgebras can be found in [5] and |3.. 

1. Preliminaries 

Throughout this paper, k is an arbitrary field. Unless specified otherwise, all vector 
spaces, homomorphisms, algebras, coalgebras, tensor products, comodules and so on are 
over k. For the standard categories we use the following notations: &M (A;- vector spaces), 
fc-Coalg (coalgebras over k), M (right C-comodules), C M D ((C, _D)-bicomodules). 
For a coalgebra C, we use Sweedler's ^-notation, that is, A(c) = cm <8> C( 2 ), (I ® 
A)A(c) = cm &> C( 2 ) <8> C( 3 ), etc. We also use the Sweedler notation for left and right 
C-comodules: p r M (m) = mr ] <8> mm for any m G M if (M,p r M ) is a right C-comodule 
and p l N (n) = n<_i> ® n<o> for any n € A if (N,p l N ) is a left C-comodule. For further 
details regarding the theory of comodules we refer to pQ. 

If M is a right C-comodule with structure map p r M and A a left C-comodule with 
structure map p N , the cotensor product MUqN is the kernel of the /c-linear map: 

p r M ® I - I ® p l N : M ® N ^ M ® C ® N. 

Given comodule maps / : M — > M' and g : N —> N' , the fc-linear map f ® g : M © N —?■ 
M' ® N' induces a fc-linear map fU c g ■ MU C N -> M'DciV'. A left C-comodule M 
induces a functor -U C M : M c -> fcAl. 

If ^ : C — > D is a coalgebra map then every right (left) C-comodule (M,p r M ) can be 
made into a right (left) D-comodule with structure map t t m : M — > M ® D given by 
T r M {m) = mro] <8) <^(mh]). This association defines a functor (/'CD : ^ ~^ M D usuan y 
called the corestriction functor. 

If M G C M D we obtain a functor —UcM : — > A1 D . In particular, C becomes a left 
£)-comodule via ip and we obtain a functor —UpC : A4 13 — > M c called the coinduction 
functor which is a right adjoint to the corestriction functor <^£,([U 22.12]). Recall that 
if (F, G) is a pair of adjoint functors, with F : C —> T> and G : T> — > C if and only if there 
exist two natural transformations rj : lc — > GF and e : FG — ) lx>, called the unit and 
the counit of the adjunction, such that G(ed) °Vg(d) = ^G(D) an d e F(c) °F( r ]c) = If(C) 
for all C G C and D € V. 

Recall from [2] the construction of the trivial coextension of a coalgebra C by a (C, C)- 
bicomodule A. We define a comultiplication and a counit on the space C x A := C © A 
given by: 

A(c,n) = (c (1 ),0) ® (c( 2 ),0) + (n<_i>,0) ® (0,n <0 >) + (0,n [0 ]) ® (n[i], 0) 
e(c,n) = e(c) 

for all (c, n) £ C © A. In this way C x A becomes a coalgebra, known as the trivial 
coextension of C and A. 

Define the map ttq ■ C x A — > C by 7rc(c, n) = c for all (c, n) G C © A. For every 
(c, n) G C x A we have: 

£c ° ttc*(c, n) = ec(c) = e(c, n) 
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and 

(7rc8)7r c )(A(c,n)) = (vr c ® vr c )((c (1) ,0) <8> (c (2) ,0) + (n<_i>,0) ® (0,n <0 >) + 

+(0,n [O ])®(n[i],0)) 
= C(!) <g> C( 2 ) + ri<_i> (g) + (g> ri[ ] 

= C (1 ) ® C( 2 ) 

= A c o-K C (c,n) 
Thus 7rc is a coalgebra map. 

We also require some notions related to homological coalgebra. For basic definitions and 
properties we refer to [6]. We just recall here, for further reference, the description of 
the first cohomology group of a coalgebra C with coefficients in a (C, C)-bicomodule N: 

H°(N,C) = { 1 GN*\(I® 7 )p l N = ( 7 ®I)p r N } 

= {7 G iV*|n < _i > 7(n < o>) = 7(n [0] )n [1 ], Vn G N} 



2. Characterizations of monomorphisms of coalgebras 

As mentioned before, a characterization of monomorphisms in fe-Coalg is given in [8j 
Theorem 3.5] and the equivalences (1) — (5) in Theorem 12.11 are proved there. In what 
follows we complete the description of monomorphisms in fc-Coalg with two more charac- 
terizations: the first one indicates a cohomological description of monomorphisms while 
the other is an elementary one involving the cotensor product CD^C. 

Theorem 2.1. Let <p : C — > D be a coalgebra map. The following statements are 
equivalent: 

1) ip is a monomorphism in the category k-Coalg; 

2) The functor p* c D is full; 

3) CD D Ker(^) = 6; 

4) The map r\c = Ac* : C — > CD^C is surjective (hence is bijective); 

5) The unit of the adjunction {p* c D , — D^C), n : Ij^c — > (— DdC) o ip* c d is a 
natural isomorphism; 

6) H°(N,C) = H°(N,D), for any (C,C)-bicomodule N; 

7) Eiel = Erei ^ all £ ieJ a*^V€ CU D C . 



Proof. 1) =■> 6) Suppose <p is a monomorphism of coalgebras. It is easy to see that 
H°(N, C) C H°(N, D). Now let 7 G H°(N, D). Define the map /3 : C x N C by: 



P(c,n) = c - n<_i > 7(n <0 >) +7(n [0 ])n [1 ] 
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for all (c, n) € C x TV. We prove that f3 is a coalgebra map. For all (c, n) € C x TV we 
have: 

e c °(3(c,n) = e C '(c-n < _i > 7(n < o>) + 7(n [0 ])n [1] ) 

= ec(c) - £c(ra<-i>)7(n<o>) + 7(™[0]) £ c( n [i]) 
= £c(c) - 7(ec(«<-i>)«<o>)+7( re [o]£c(«[i]) 
= £c(c) - 700 +7( n ) 
= e(c, n) 

and 

(/3®/3)oA(c,n) = ( J 8®/3)((c (1) ,0)(8)(c (2) ,0) + (m<_i>,0)®(0,m<o>) + 

+(0,m [0 ]) (8) (m[!],0)) 
= ^((c(i),0))®/3((c (2) ,0))+ J 9((m<_i>,0))®/3((0,m< >)) + 

+/3((O,m [o] ))0/3((m [1] ,O)) 
= C(i) (8) C( 2 ) + n<_i> (g) (-n < o><-i>7(n <0 ><o>) + 

+7(n<o>[0])w<o>[i]) + (-n[ ]<_i>7(»i[o]<o>) + 7(w[o][o])"[o][i])®»»[i] 
= C(i) (8) C( 2 ) - n<_i> (8) n <0 ><-i>7(n<o><o>) + 7(™[o][o]) n [o][i] <8 «[i] 
= C(i) (8 c (2 ) - «<-i>(i) <8> «<o>(2)7( n <o>) + 7( n [o]) n [i](i) <8 «[i]( 2 ) 
= C(i) (8 C( 2 ) - A c (n<-i>7(n<o>))+Ac(7(n[o]) n [i]) 
= A c (c-n < _i > 7(n <0 >)+7(n [0 ] )«[!]) 
= A c o/3(c,n) 

Hence, /3 is a coalgebra map. Furthermore, it is easy to see that ip o 7rc = <p o /3 and 
7rc = /3 because 99 is a monomorphism. Thus n<-i>7(ra<o>) = 7(^[o])^[i] which implies 
that 7 G H°(N, C). 

6) =4> 7) CDdC is a (C, C)-bicomodule with left and right structures given by: 

^CD D c(Yl Qt ® bt ) = Yl °(1) (°(2) ® 6 

and 

1>cn D c(E, al = E( a * ® 6 (i))® & (2) 
for all Y^iei o* ® 6* € CD D C. We define the /c-linear map T : CD D C -> fc by: 

iei iei 

for all o* ® 6* € CD D C. Now let ]T\ g/ CD D C, that is: 

E °(i) ^(°(2)) ®b l = Y,a l ® ¥>(&(!)) ® b( 2 ) 
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By applying e®I®e in the above identity we obtain p(d l )e(b t ) = e(a l )ip(b t ). 
Thus T G H°(Ca D C,D) = H°(Ca D C,C) and it follows from here that £ iG/ a' = 

7) 1) Let M G M c . Define v M : MU D C ^ M by ^(Eie/ 7 ^ ® c *) = Y.tei 7 ^^)- 
For any £j 6 / m % tg> c* G MDpC we have: 

iel iel 

= ^VMim*®^) <g>ej 2) 

= ^mf 0] (g)e(mi 1] )c i 
iel 

iel 

where we use the fact that Yliei m [i] ® c * e CD^C for all £ i6 j m l ®c l G MUdC. Thus 
I'M is a morphism of right C-comodules. Moreover, in the computations above we also 
prove that (p r M o VM)(Yliel m% ® c% ) = ^2iei m * ® c * ^ or an Siei" m * ® c ' € MDdC. It 
follows that for all M G MP there exists a morphism of right C-comodules such that 
Pm ° V M = I- Having in mind that t]m = Pmi as remarked before, THIS is enough to 
prove that <Pcd * s a f un functor. Now, in the light of [5J Theorem 3.5] we obtain that <p 
is a monomorphism in fc-Coalg. □ 

In view of a remark of A. Chirvasitu ([[4]) that a morphism of Hopf algebras is a monomor- 
phism if and only if it is a monomorphism viewed as a morphism of coalgebras we obtain 
the following useful fact: 

Corollary 2.2. Let cp : K — > L be a Hopf algebra map. The following are equivalent: 

1) ip : K — >• L is a Hopf algebra monomorphism; 

2) The map r]K = A# : K — > KDiK is surjective (hence is bijective); 

3) H°(N,K) = H°(N,L) for any (K, K)-bicomodule N; 

4) Eiei < xl )y l = Eiei ^W) f° r a" Y,iei <S> G KD^. 

Example 2.3. Let 7r : A4 2 (k) — >■ M 2 (k)/I be the canonical projection, where is a 
field and I is the coideal of the comatrix coalgebra M 2 (k) generated by the elements 
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c%\. It is proved in [SJ, using a result on epimorphisms of finite dimensional algebras 
Theorem 3.2], that tt is a non-injective monomorphism of coalgebras. However, this can 
be easily shown by a simple computation using 7) of Theorem 12. 1L 

Remark 2.4. The equivalence of the statements (1) and (4) in Theorem 12.11 can be 
alternatively proved by applying the categorical duality (k - Coalg) op = VCk, C i-> C* , 
between the category k— Coalg of fc-coalgebras and the category of pseudocompact 
fc-algebras described in [111 Section 3]. One should apply the isomorphism (CDC)* = 
C*<g)C* and the results of Knight ([7]), where <§) is the complete tensor product, see the 
monograph [5]. 
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